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The finite element method was used to model microwave thawing of pure-water 
and 0. I-M NaCI cylinders. The electromagnetic field was described by Maxwell’s 
equations with temperature-dependent dielectric properties, while the heat equation, 
coupled with the Stefan and Robin conditions, was used to describe the thawing 
process. An additional equation for  the frozen volume fraction was used, when 
necessary, to account f o r  the presence of a mushy region. Two microwave fre- 
quencies, 915 MHz and 2,450 MHz, were examined and the microwave radiation 
was assumed to be radially isotropic and normal to the surface of the cylinder. 
Results show that a two-phase mushy region may exist, and an additional thawing 
front may appear at the center of the cylinder. Salt cylinders have a higher dielectric 
loss than pure-water cylinders and therefore thaw more quickly. Internal resonance 
occurs when the wavelength of the radiation is a harmonic of the cylinder radius. 
Resonance increases power deposition and expedites the thawing process. The onset 
of resonance alters thawing times and complicates the development of heuristic rules 
for  microwave thawing. 

introduction 
Heating lossy dielectric media by electromagnetic (EM) ra- 

diation has found widespread use in commercial and industrial 
applications. These applications rely on internal heat gener- 
ation produced from interactions between the media and the 
EM radiation. Many governments have imposed strict regu- 
lations on which frequencies may be used for industrial, sci- 
entific and medical use (Varey, 1990). In North America the 
microwave frequencies of 915 MHz and 2,450 MHz are avail- 
able and in the British Isles 896 MHz and 2,450 MHz, while 
there is no frequency allocated near 900 MHz in continental 
Europe (Pearce, 1990). In theU.S., 915 MHzis used commonly 
in industrial ovens and 2,450 MHz in household ovens. Heating 
is different at these two frequencies. The longer wavelength 
(915 MHz) radiation penetrates deeper into the sample and 
distributes power more evenly. The shorter wavelength (2,450 
MHz) radiation allows for more node/antinode formation 
within the oven capacity and sample. At a node the electric 
field is zero and no power is deposited, whereas at an antinode 
there is a peak in the power deposition. 

A process common to industry and household applications 
is microwave thawing. The EM phenomenon associated with 
ice/water systems is also a concern to scientists studying the 
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cryosphere (Vant et al., 1978; Matzler and Wegmuller, 1987) 
and attenuation of radar signals in the atmosphere (Sihvola, 
1989; Klassen, 1990). Thawing rates for frozen samples depend 
on the sample’s material properties and dimensions and the 
magnitude and frequency of the electromagnetic radiation. For 
example, consider a frozen cylinder placed in an environment 
whose temperature is above the cylinder’s freezing point. At 
first, the phase-change front moves inward from the surface. 
Exposing this thawing cylinder to a radially symmetric EM 
field accelerates the progress of the phase-change front. Ad- 
ditionally, another phase-change front may appear at the cyl- 
inder’s center (due to the presence of an antinode or focusing), 
and/or thawing of the frozen region may occur resulting in a 
heterogeneous region of frozen and thawed phases. This region 
is commonly referred to as a “mushy” region. 

Most classical solutions to phase-change or “Stefan” prob- 
lems do not consider internal heat generation or mushy regions. 
If a “mushy” region exists, it is usually due to impurities that 
cause the phase change to occur over a temperature range. In 
some instances, the mushy region can be ignored and replaced 
by a sharp moving interface that is at a discrete transition 
temperature (Ozisik, 1980). The validity of this simplification 
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depends on the temperature range being small compared to 
the overall temperature span. For a frozen sample exposed to 
microwave radiation, the theoretical analysis is more complex. 
Internal heat generation must be accounted for, and the pres- 
ence of multiple fronts and mushy regions may alter total 
thawing times significantly. 

Coleman (1990) solved analytically the classical Stefan model 
for phase change using Lambert’s law to approximate the field 
equations. Lambert’s law is a simplification to the EM field 
equations which cannot account for node/antinode formation 
(Ayappa et al., 1991a). Coleman’s results for microwave il- 
lumination of a semi-infinite slab showed that superheating (a 
rise in the temperature of the frozen region above the melting 
point) is possible. Coleman then eliminated the superheated 
region and used the enthalpy method formulation, which al- 
lows for a mushy region. A mushy region was also considered 
by Taoukis et al. (1987), who modeled microwave thawing of 
slabs and cylinders. Their equation describing the mushy region 
accounted for power being consumed as latent heat which 
decreased the frozen fraction in the isothermal, T =  Tmelt re- 
gion. They also varied the dielectric properties in this region 
according to the changing frozen fraction. Their work, based 
on the modified isotherm migration method (MIMM) and 
solved by finite differences, also used Lambert’s law to simplify 
the problem. In another approach, Pangrle et al. (1991) allowed 
for slight superheating in the frozen region. They solved Max- 
well’s equations analytically and the heat equation numerically. 
Their study, as well as the studies mentioned previously, as- 
sumed that the dielectric properties were independent of tem- 
perature. Ayappa et al. (1991b) have studied the case of 
temperature-dependent properties. 

Mathematical models of the microwave heating process 
should account for phenomena such as node/antinode for- 
mation, phase change (thawing and evaporation), and material 
property changes that occur with respect to temperature (Datta, 
1990). Previous studies have not met all of these criteria and 
therefore lack an adequate description of the physical situation. 
To develop a more complete model, we have examined the 
melting of pure and 0.1-M NaCl ice/water cylinders (R  = 1 .O, 
2.0 and 3.0 cm) exposed to 915-MHz and 2,450-MHz radiation. 
Maxwell’s equations were used to describe the EM phenomena. 
The heat equation with an internal heat generation term cou- 
pled with the Stefan and Robin conditions was used to describe 
heat transfer, while the method used by Taoukis et al. was 
used to describe the mushy region. The system of equations 
was solved using Galerkin finite elements and Newton iteration 
techniques. Nonlinearity arises due to the Stefan condition, 
the frozen fraction and the temperature dependence of the 
dielectric properties, whose behavior was taken from previous 
literature. The simulation results provided transient temper- 
ature profiles, power profiles, and thawing front position(s). 
Results are summarized as final thawing times in regard to the 
composition, geometry and incident power. 

Theory 
Heat equation 

Heat conduction in the media is described as follows: 

where p ,  C,, and k are the density, heat capacity, and thermal 
conductivity, respectively. The power term p ( r ,  t )  is deter- 
mined from the real and imaginary components of the EM 
field. 

The Robin condition is used at the surface of the cylinder: 

where h is the heat transfer coefficient and n is the unit normal 
vector. The boundary between the thawed and frozen region 
for a front moving in the negative t direction i:, described by 
the Stefan equation: 

d.S 
- n . (kfV Tf) + n . ( k,V T,)  = - px dr (3) 

where X is the latent heat of fusion. 

kis, 1987), should it exist, is: 
Finally, the equation describing the “mushy” region (Taou- 

where V is the volume of the mushy region, and HI and Hr 
are the enthalpies of the thawed and frozen phases, respec- 
tively. For a single front, the integration is from the center to 
the phase-change front. I f  two fronts are present, the integra- 
tion is from the inner front to the outer one. In Eq. 4, ph 
replaces prHr - pfHf if pH is constant in each phase. 

Wave propagation 
A propagating electromagnetic wave is composed of oscil- 

lating electric ( E )  and magnetic (H) field components. Max- 
well’s equations describing their space and time dependence 
are: 

as 
V XE= -- 

at 

and 
a 0  V x H =  J+-- ,  
at 

where E and Hare the electric and magnetic field:;, J the current 
flux, D electric displacement, and B magnetic induction. The 
constitutive relations relating J ,  D and B to E and Hare :  

J =  a(w)E(t) D = E(w)E( t )  

and 

where E = Ee-iu‘ and H = He-‘”‘. Alternatively eiw‘ can be used 
to express the time dependence. Equations 5 and 6 yield: 

(1) 
aT 
at 

p c  -= v. ( k V T )  + p ( r ,  t ) ,  
and 
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where the “complex dielectric constant” E *  is defined as: 

i a ( w )  
€*(W) = E(W) + - 

W 

= E ’ ( w ) + i e  ” ( w ). (9) 

The material’s ability to store electrical energy is represented 
by e ‘ = R e ( ~ * ) ,  and E “  = Z r n ( ~ * )  accounts for losses through 
energy dissipation. The conductivity a(w), dielectric constant 
E(w), and magnetic permeability p(w) are in general complex 
functions of the frequency of the radiation w.  

Neglecting magnetic effects, the magnetic permeability p(w) 
is approximated by its value po in free space. The time deriv- 
atives of u and E can also be neglected, since the time scale of 
electromagnetic propagation is much smaller than the time 
scales for thermal diffusion. With these assumptions and the 
condition of electroneutrality of the medium, which implies 
V . ( E * E ) = O ,  Eqs. 7 and 8 can be combined to give: 

where 

The relative dielectric constant K ’  and the relative dielectric 
loss K ”  are: 

To simplify the notation, the overbar on i? and H will be 
dropped from this point on. The propagation constant k is a 
complex quantity 

k = Q i- ifi, (13) 

where Q and 0 are related to the dielectric properties of the 
medium and frequency of radiation by: 

and 

where 

In Eqs. 14 and 15, c= 1 / G  where c is the speed of light 
and w is replaced by 2 ~ f ,  where f is the frequency of radiation. 
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The phase constant a! is related to the wavelength of radiation 
in the medium (A,) by: 

21r 
A, = -, 

ff 
(17) 

which in free space reduces to X, = c/f. The attenuation con- 
stant @ is a rate constant for the decay of the incident field of 
intensity Eo. For instance, in a semi-infinite sample the interior 
field obeys the equation: 

Power dissipation 
The power flux associated with a propagating electromag- 

netic wave is represented by the Poynting vector Sand the time 
average flux for harmonic fields (Stratton, 1941): 

1 
2 S= - E  x H * .  (19) 

The power dissipated per unit volume is: 

p ( r ) =  -Re(  v.S) 

1 
2 (20) = - WEOK” ( E .  E*) .  

Therefore, given the electric field intensity in the medium the 
local power dissipated is calculated by Eq. 20. 

Analysis 
Microwave heating in a cylinder 

Consider a cylinder with radius R exposed to microwaves 
as shown in Figure 1. This figure illustrates a three-layer sit- 
uation where the I= 2 layer, the mushy zone, is surrounded by 
two thawed layers. The sample is assumed to be homogeneous 
and isotropic. The surrounding medium is at ambient tem- 
perature and heat is lost by convection at the surface. If p o ,  
Cp,o, and ko are reference thermal properties, then dividing 
Eq. 1 by ko and using the dimensionless variables: 

r* 
R’ 

r = -  

the transient one-dimensional heat conduction equation for 
the multilayer cylinder is: 

for 
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CYLINDRICALLY ISOTROPIC RADIATION 

915 MHz & 2450 MHz 

\ 1 : THAWED INNER LAYER 
2: MUSHY LAYER 
3: THAWED OUTER LAYER 

Figure 1. Frozen cylinderwith EM radiation incident nor- 
mal to the surface. 

r l s r s r l + l  and I = l . . m ,  

where 

The temperature and power in the Ith layer are 0, and PI, 
respectively. The boundary conditions are: 

-0 at r=rl=O, 80, -- 
ar 

and 

a e m  -+BiO,=O at r=rm+]= 1 .  
ar 

The initial condition is: 

O(7=0)=Oo for O s r s l .  (23) 

The microwave power term is a function of temperature and 
is obtained by solving Maxwell's equations simultaneously with 
Eq. 21. 

The Stefan condition for the front moving in the negative 
r direction at a = a/+ is: 

and the condition for the front moving in the positive r di- 
rection at a = al is: 

where 0 ( a  = a,) = 0 ( a  = a,, = Omelt. To account for the pres- 
ence of a mushy region, it is necessary to decrease the latent 
heat according to the frozen volume fraction, that is, multiply 
6: by (p. Additionally, the gradient in the mushy region is zero 
since the temperature is fixed at the melting point. 

The equation governing the frozen volume fraction in the 
mushy zone is a function of time and position. 

Maxwell's equations for  a cylinder 
Microwaves are assumed to be incident on a cylinder as 

shown in Figure 1. For propagation of uniform waves in polar 
coordinates, the electric Ez(r*) and magnetic H,(r*) com- 
ponents lie in a cylindrical surface of uniform intensity varying 
only in the direction of propagation along the radial r* - axis. 
The wave equation, Eq. 10, is: 

d2Ez/ 1 dEzI -+- -+#EZ,l=O, 
dr*2 r* dr' 

for 

rTsr*srT+l and 1=1 ... m,  

where # : = W ~ ~ , , E O [ K ~  + i K r ] ,  and Ez,/, are the propagation con- 
stant and electric field intensity in the Ith layer, respectively. 
The number of layers depends on the number of fronts. It is 
important to note that the dielectric properties in the mushy 
region depend on (p, and in the thawed and frozen layers K '  

and K "  depend on 8. 
To derive the radiation boundary condition, the field outside 

the cylinder is expressed in terms of waves traveling in opposite 
directions (Balanis, 1989): 

wherea ' )  and &''are Hankel functions of the first and second 
kind, respectively, and EO is the intensity of the incident ra- 
diation. The constant CI is obtained by evaluating the field at 
r' = R, the surface of the cylinder. Taking the derivative of 
Eq. 28 with respect to position leads to the radiation boundary 
condition, 

and at the center of the cylinder 

where 
incident field PO is related to En by: 

is the free space wave number. The intensity of the 
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The Maxwell equations are rendered dimensionless by sub- 
stituting the relationships: 

r* EZ.1 
R EO 

r=- and uI=-. 

Noting that uI= uI+ iw,, Eq. 26 reduces to the following two 
equations which are solved with their appropriate boundary 
conditions: 

d2vl 1 du, 
- + - - + +p/- x,w/= 0 
dr2 r dr 

and 

d2wI 1 dwl 
dr2 r dr 
-+ - - + $,w,+ xp/= 0, 

Finite element analysis 
The Galerkin finite element method is used to solve the 

coupled nonlinear equations (Eqs. 21,26,30 and 31) with their 
respective interface and boundary conditions. For a general 
equation of the form: 

Lu= f, (37) 

Galerkin finite elements expands the unknown, u in a finite 
element basis set { 9 ) . Thus, 

N 

u = a = c Uf#Jj( 2 ) .  (38) 

The error, La- f, is set orthogonal to the basis functions, and 

j =  1 

where +/= R 2 ~ 2 p o ~ o ~ ;  (p, 0 )  and xI= R 2 ~ 2 p o ~ o ~ ;  (p, 0). The di- 
electric properties in the mushy region depend on p and are 
approximated by the formula: 

for 
i = l . . N .  

(Taoukis et al., 1987) for cp= 1 ,  K,,,,,~= K? Since the thawing 
is isothermal, there is no need to adjust k and C,. 

The boundary conditions at r = 0 are: 

while the conditions at r= 1 are: 

and 

where 

The power is calculated from uI and w,: 

Integrating by parts and incorporating boundary and interface 
conditions, Eq. 39 results in a set of algebraic equations whose 
solution yields the unknown coefficients uj of the expansion. 

Finite difference approximations are used for the time de- 
rivatives. In particular, the temperature and frozen fraction 
derivatives with respect to time are: 

due to the moving coordinate system. This results in an ad- 
ditional time derivative for Vmesh, the mesh velocity. Alto- 
gether, there are four time derivatives and they are 
approximated by first-order finite differences: 

where the d d d r  term appears once for each front. The mesh 
velocity term contains no independent unknowns and depends 
on the unknown front position(s). The mesh coordinates, as 
a function of front position, are for a three-region, two-front 
situation: 

rt+l-af+lr' - for region 1 
a: 

where al and a2 correspond to the fronts adjacent to layers 1 
and 2, respectively. 
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Expanding the real (0,) and imaginary components ( W x )  of 
the electric field, temperature (0) and the frozen fraction ( c p )  
in the basis ( 4 ) ,  

For a node on a phase-change front it is necessary to include: 

af+'S--- a:+ I -a; 
AT 

N N 

in the R(3) residual. f i x =  U k d ' k ( r )  9 * x =  c W k 4 k ( r )  9 

k= 1 k =  1 
The residual equation for the mushy region, I3q. 26, is: 

N N 

e = x 0 k ( T ) + k ( r ) ,  and ( D = c ( D k ( 7 ) 4 k ( r )  (41) ~ 2 ~ ~ ~ ~ i  I 2 

k =  I k =  1 R!4)= - ~ I O K " ' " [ ( ~ u ' ' $ k )  
k = N ,  

for I 

O s r s l ,  

the Galerkin finite element method yields the following non- 
linear residual equations for Eqs. 21, 30 and 31:  

N 

Rj" = c uf: ji 4; 4Lrp Idr'+ The material properties for the proceeding equations are: 
k=I 

N ,.I 

N i=  1 . .  .N, j= 1. ~ .N, and t=time index. 
R,'*j= c ~ i + '  j14,'4irLt1drf+' 

0 k =  I 

- 5 u; ' l jOxr+'$f+kr~ldr '+l  

The implicit backward finite difference equations, used to dis- 
cretize the time domain, result in an unconditionally stable 
algorithm. The residual equations (Eqs. 42, 43, 44 and 45) 
form a set of nonlinear algebraic equations. These are solved, 
using a Newton-Raphson scheme for the coefficients of the 
expansions in Eq. 41. If N is the total number of nodes, N, 

of fronts), and K either 0 or 1 for the absence or presence of 
6N? (43) a mushy region, the formulation yields a (3N+M 

+ KN, x 3N+ M+ KN,) system: 

I 

k =  I 

N 
- W p l  l l $ t + l $ & k r p l d r r t l  + (Y&U!$ l h l ~  

k =  1 0 (the number of the nodes in the mushy region), M(the number 

4 Jo ( aoR ) 
+cl W d i N - C Z U & f N + -  a &(aoR) + Y,2(aoR) 

and 

N , I  

+ kBitl; 

where n is the Newton iterate index and t the time index. 
Equation 47 is solved at each time step. The Jacobian matrix 
J(un*'+ ') contains the derivatives of the residual equations with 
respect to the unknowns, and u".'+' is the vector of unknowns 
and R(un3''') is the vector of the residuals. The temperature 
at a phase-change front is fixed, and its corresponding heat 
equation is replaced by a Dirichlet condition, O,=e,,~t. The 
entries that account for the heat transfer are placed in a row 
between the k3' and R(4) to solve for the unknown front po- 
sition. Thus, for two fronts there are two interior Dirichlet 
conditions and two extra rows and columns in the system. The 
extra column accounts for the derivative with respect to front 
position and the moving mesh. If a mushy region exists, the 
corresponding nodal temperatures are fixed in a similar manner 
and R(4) is added to the Jacobian matrix. (44) 
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Table 1. Thermal Properties of the Frozen and Thawed 
Phases 

Material Property Wateff Water:’ 

Heat capacity, CJW . s .  kg- “ C -  ‘I 2,051 4,226 
Thermal conductivity, k[W.rn-’. “C-’1 2.22 0.56 
Density, p[kg .IT-’] 1,Ooo 1,Ooo 
Latent heat, X[J.kg-’] 3 . 3 4 ~  lo5 

‘Ozigik (1980) 
**Welty et al. (1976) 

Physical parameters 
Thermal properties in Table 1 are assumed to be independent 

of salinity. The density is assumed to be constant in all phases. 
Dielectric properties of ice and saline “sea” ice were taken 
from Matzler and Wegmuller (1987). They presented a tem- 
perature-dependent equation for K ’ (which was found to be 
virtually independent of frequency) and a frequency-dependent 
equation for K ”  with parameters dependent on temperature 
and impurity content. These relationships were used to find 
values of K ”  at -15°C and -5°C and were fit to a linear 
model for use in this study. 

Pure and 0.144 NaCl Ice: 915 M H z  and 2,450 MHz 

~ ’ = 3 . 1 9 + 9 . 1 ~ 1 0 - ~  K-’(T-273.15 K) (48) 

Pure Ice: 915 MHz 

K’ =8.65X 10-4+3.0x lo-’ K-’(T-273.15 K) (49) 

Pure Ice: 2,450 M H z  

K ”  =4.97x 1.66X lo-’ K-’(T-273.15 K) (50) 

0.144 NaCl Ice: 915 M H z  

K ”  = 1.33 + 0.055 K-’( T-  273.15 K) (51) 

0.144 NaCl Ice: 2,450 MHz 

K ”  =0.80+0.036 K-’ (T-273.15 K) (52) 

Kaatze (1 989) analyzed the relative complex dielectric con- 
stant of pure water for temperatures between 0°C and 50°C 
and frequencies from 1.1 to 57 GHz. Kaatze fit these data to 
the Debye function to express frequency dependence and em- 
pirical nonlinear relationships to express temperature depend- 
ence: 

K o - K w  
K *  = K,+- 

1 + i w r  

where 

= 10 1.94404 - 1.991 x 10- ’K ~ ’ ( T -  273.15) , 

K~ = 5.77-2.74x 10-2K-1( T-  273.19, 

and 

(53) 
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0 10 2 0  30 4 0  5 0  6 0  7 0  80 

(b) TEMPERATURE (“C) 
Figure 2. Relative dielectric constant for water ( K ’ ,  2a) 

( K ” ,  2b) vs. temperature. 
2a. Pure water at 915-MHz and 2,450-MHz values 
were calculated from Eq. 53 (Kaatze, 1989). Data 
taken from Ohlsson et al. (1974) are for 0.1-MNaCl 
at 900 MHz. Data taken from Mudgett (1986) are 
for 0.1 M NaCl at 2,450 MHz. 
2b. Pure-water curves were calculated from Eq. 53 
(Kaatze, 1989). Data taken from Ohlsson et al. 
(1974) are for 0.1-MNaCI at 900MHz. Data taken 
from Mudgett (1986) are for  0.1-M NaCl at 2,450 
MHz. 

7=(3.745 x s)[l + (7 x K-’) 

x ( T -  300.65 K)2]exp(2.2957 x lo3 K/T). 

The dielectric properties for 0.1-M NaCl were taken from 
Ohlsson et al. (1974) at 900 MHz and Mudgett (1986) for 2,450 
MHz. Their experimental values were fit to a linear model, 
Eqs. 54 and 56, and values from Ohlsson et al. were used for 
the 915-MHz calculations. 

Figure 2a shows the thawed state dielectric constant vs. tem- 
perature for 915 MHz and 2,450 MHz. There is little variation 
in K ’  with respect to salt content and frequency. Dielectric loss 
data from Ohlsson et al. and Mudgett were fit to an exponential 
model, Eq. 55, and linear plus exponential model, Eq. 57, 
respectively. Figure 2b shows the variation in thawed state 
dielectric loss with respect to temperature. The dielectric loss 
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increases with salt content and decreases with respect to fre- 
quency and temperature for pure water. At 0.1-M NaCl and 
f = 915 MHz, the loss increases with temperature, while at 2,450 
MHz there is an initial decrease followed by a steady increase 
for temperatures greater than 40°C. 

0.1-M NaCI at 915 MHz 

~‘=82.8-0 .30  K-’(T-273.15 K) (54) 

K “ =  17.1exp[0.01 K-’(T-273.15 K)] ( 5 5 )  

0.144 NaCI at 2.450 MHz 

~’=82.1-0 .30  K-’(T-273.15 K) (56) 

K ”  =8.8+0.13 K-’(T-273.15) 

+ 16.lexp[-0.046 K-’(T-273.15 K)] (57) 

Initial condition 
To start the calculations, an initial front position and tem- 

perature profile were assumed. A single front was started at 
99% of the radius. The temperature in the liquid layer was set 
at 273.15 K,  and the frozen region was set at 253.15 K unless 
stated otherwise. The ambient temperature was 293.15 K and 
h=20 W.m-’-K-’. The Biot number was increased to 25Bi 
for the first 25 time steps to insure a positive flux of heat into 
the system that stabilized the initial motion of the thawing 
front. The effect of the final thawing time was minimal since 
the initial time step was 0-0.01 s and T,=293.15 K: that is, 
microwave power was the main driving force for thawing. The 
equation that allowed for partial thawing of the frozen region 
was added when its average temperature exceeded 273.15 K. 

In the two front situations, the second front was added when 
the center temperature exceeded 273.15 K or when the frozen 
fraction decreased below 0.05. The first element of the frozen 
region was divided in half with the inner half becoming the 
new, 12-element, liquid region. 

All calculations were stopped when the front position reached 
0.5% of the radius (for a single front) or when the frozen 
fraction decreased below 0.005. For the two fronts, the cal- 
culation was stopped when the difference between the fronts 
was within 0.5% of the radius. 

Convergence criteria 
Quadratic basis functions with three nodes per element and 

12 elements per region were used. The time step was adjusted 
as a function of the first iterate error. The time step was limited 
to a maximum value (1 s to 5 s) which became smaller as the 
front(s) approached the termination criteria. The Newton it- 
eration was terminated when 

In general, convergence was achieved within five iterations. 
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Figure 3a. Variation in front position with respect to 
time for pure icelwatercylinders: f =  915 MHz 
and 2,450 MHz and Po= 1.86 x lo4  W.m-*.  
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Figure 3b. Final temperature and dimensionless power 

vs. dimensionless position: R= 2.0 and 3.0 
cm. 

(b) 

Results and Discussion 
Thawing simulations were performed for three different ra- 

dii and several incident power levels at 915 MHz and 2,450 
MHz. Both pure water and 0.1-M NaCl ice/water systems were 
considered. 

Simulations for a pure-water system, To, = 253.15 K 
The dimensionless front position is plotted vs. time in Figure 

3a for R = 2.0-cm and 3.0-cm cylinders exposed to 915-MHz 
and 2,450-MHz radiation and Po= 1 . 8 6 ~  lo4 W-m-’. Since 
pure ice is nearly lossless ( K ”  - there is no mushy region 
(cp remained greater than 0.99 throughout the calculations) and 
the thawing process is governed by the dielectric properties of 
the thawed state. The thawing times for Po = 0 W .m-’ are 
4.6 x lo3 s and 9.8 x lo3 s for the two radii. Thus, the thawing 
times are reduced by more than 50% for f = 915 MHz and 
more than 70% for f = 2,450 MHz. The “wavy” nature of the 
2,450 MHz curves is due to resonance that occurs when A,,, is 
a harmonic of R .  At resonance, power deposition increases, 
temperature increases, and the thawing front accelerates. 
Changes in temperature and front position effect A,, and even- 
tually resonance subsides. Resonance, however, may occur 
several times throughout the thawing process At 915 MHz 
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front thaws slower than the cylinder initially at 273.10 K with 
two fronts. For the R = 3 cm cylinder, resonance at the sample 
center causes a second front to be opened up at the start of 
thawing. This is seen by examining the power in Figure 4b. 
This, however, was not observed for the 2-cm cylinder. 

and R = 3.0 cm, resonance occurs only once near 1 = 3.0 x lo3 
s. Note the rapid acceleration in the thawing front, from r = 0.4 
to r =  0.005 in about 500 s ( -  1/7th of the total thawing time). 

The final temperature profiles are shown in Figure 3b. There 
is little variation for three of the cases. 

Simulations for  a 0.1-M NaCl system, To, = 253.15 K 
The dielectric loss of 0.1-M NaCl ice is - 1,500 times greater 

than the dielectric loss of pure ice. Therefore, power deposition 
in the frozen region is significant. For R =  1.0 cm and 
Po=1.86X lo4 Warn-', mushy regions exist for f=915 MHz 
and 2,450 MHz, see Figure 5a. The longer wavelength radiation 
thaws the cylinder in about 2/3 of the time required for the 
short wavelength radiation. Figure 5b shows the final tem- 
perature and power profiles. The power profiles reflect the 
characteristics of A,,, and indicate the occurrence of resonant 
conditions. 

For f =915 MHz and R=2.0 cm, the results are similar to 
those for R = 1 .O cm: there is one front and the center core 
becomes mushy within the first 50 s (Figure 6a). At 2,450 MHz, 
the frozen fraction at the center decreases below 0.05 during 
a resonant period at t - 150 s and a second front is added. This 
inner front progress rapidly since the frozen fraction at the 
front is small. The front deccelerates as it moves toward regions 

Simulations for  a pure-water system, To, = 273.10 K 
Simulations for To,f= 273.10 K demonstrates a situation with 

two fronts due to resonance. For a cylinder whose initial tem- 
perature is just below the melting point, focusing might cause 
the temperature at the center to rise more quickly than in the 
rest of the frozen region and a second thawing front is added 
when the center temperature exceeds 273.15 K. 

Figure 4a shows the position of both thawing fronts and the 
total power deposition with respect to time for f = 915 MHz, 
R=2.0cmand3.0cm,andP,=1.86~10~W~m-'.Thethaw- 
ing time for the larger sample is 3,325 s and for the smaller 
cylinder is 2,340 s. Here, the resonance is not strong enough 
to open a front at the sample center. 

For f= 2,450 MHz, resonance occurs twice for R = 2.0 cm 
and four times for R=3.0  cm, see Figure 4b. The thawing 
times are 1 . 1 2 6 ~  lo3 s and 1 . 5 2 2 ~ 1 0 ~  s for R=2.0  cm and 
3.0 cm. The R = 3  cm cylinder initially at 253.15 K with one 
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with a higher frozen fraction. The outer and inner front meet 
at r -  0.4 where p - 0.6 in the last remaining fraction of mushy 
region. 

The temperature and power profiles at the end of thawing 
are shown in Figure 6b. The temperature is lower at the center, 
a consequence of the second thawing front for the f=2,450 
MHz case. Additionally, R<X,<2R for f=915 MHz and 
A, - R/3 for f = 2,450 MHz. Therefore, resonance occurs in 
the sample exposed to 2,450 MHz radiation only. 

Two thawing fronts are needed at both wavelengths for the 
R = 3.0-cm cylinder simulations (Figure 7a). For f = 2,450 MHz, 
the inner front is initiated before the annular frozen region 
becomes mushy. This is due to  focusing which causes the center 
temperature to rise above 273.15 K. The second front is added 
during the 915-MHz simulation when p(0)<0.05. This occurs 
during a resonant period in the final 50 s of the thawing process. 

The final temperature and power profiles reflect the location 
where the difference between the two fronts is within 0.5% of 
R. The temperature in this thin mushy region is fixed a t  273.15 
K and p is not quite 0. This causes a “divet” in the power 
profile since the power deposition is less than in the thawed 
region. 

In regard to  runaway heating, refer to  Figure 2b (dielectric 
loss vs. temperature for 0.1-M NaCl at 2,450 MHz). If the 

center temperature does not rise above 40°C (313.15 K), run- 
away heating will not occur. Runaway heating occurs only 
when the dielectric loss increases with increasing temperature. 
The inward movement of the outer thawing front also reduces 
the amount of power deposited at the center. Energy deposited 
at the center must be dissipated as latent heat, whereas in the 
outer layer, heat is also lost to  the surrounding environment 
when Ts> To. 

These results are summarized in Figure 8 as total thawing 
time vs. incident power. The longer-wavelength, 915-MHz ra- 
diation thaws the R =  1 cm cylindrical samples more quickly 
given the same incident power than the 2,450-MHz radiation. 
For R = 2 cm and R = 3 cm where two fronts form at 2,450 
MHz, the samples thaw faster at the same incident power than 
the 915-MHz radiation. The thawing time is a function of many 
parameters as illustrated by these simulations, most impor- 
tantly, dielectric loss and X, in comparison to  R. 

Compared to  the pure-ice/water system, the 0. I-M NaCl 
system thaws in a shorter time period and the time difference 
is greater for f=915 MHz than for f=2,450 MHz. For ex- 
ample, the R = 2.0 cm, 0.1-M NaCl cylinder thawed in 1,192 
s when exposed to  915-MHz radiation, Po= 1 . 8 6 ~  lo4 W.m-2 
and the pure-water cylinder thawed in 2.406 x lo3 s, a 50.5% 
reduction. For R = 3.0 cm, the times were 1.801 x lo3 s and 
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3 . 5 0 2 ~  lo3 s, a 48.5% reduction. Examining these same cases 
wheref= 2,450 MHz and 0.1-M NaCl, thawing times were 869 
s and 1.346 x lo3 s for R = 2.0 cm and 3.0 cm, while pure-water 
cylinders thawed in 1.224 x lo3 s and 1.556 x lo3 s, correspond- 
ing to 29% and 13.5% reductions in thawing times. 

Summary 
The results presented here demonstrate phenomena that were 

not found in previous modeling efforts. Particularly, thawing 
from the “inside-out” and resonance effects. The first situ- 
ation is a consequence of center focusing, while the latter occurs 
when A,,, is a harmonic of R .  The realization of these phe- 
nomena is influenced strongly by the sample’s dielectric prop- 
erties. Additionally, our results show that samples with a higher 
K ”  thaw more quickly. Overall, these results have not been 
verified by experimental evidence, although it is expected that 
the conclusions drawn here will aid in the design and operation 
of microwave thawing and cooking Ijrocesses. 
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Notation 
a = dimensionless front position 
B = magnetic induction, Wb.m-’ 

Bi = Biot number 
c = velocity of light, m.s-’ 

C, = specific heat capacity, J .kg-’.K-’ 
D = electric displacement, C.m-’ 
E = electric field intensitjj, V . m - ’  
f = frequency of incident radiation, Hz 
h = heat transfer coefficient, W.m-’.K-’ 

H = magnetic field intensity, Amp.m-’ 
J = current flux, Amp.m-’ 
k = thermal conductivity, W.m-’ .K- l  

ko = reference thermal conductivity, W.m-’  .K- 
L = half length of sample, m 
6: = dimensionless latent heat 
p = microwave source term, ~ . m - ~  

P =  
r =  
R =  

s =  
r =  

T =  

s =  

u =  
v =  
w =  

dimensionless microwave source term 
dimensionless radial distance 
sample radius, m 
front position, m 
Poynting vector, ~ . m - ’  
time, s 
temperature, K 
dimensionless electric field intensity 
dimensionless real field component 
dimensionless imaginary field component 

Greek letters 
a =  

ffo = 
P =  
Y =  
6 =  

€0 = 
E ‘  = 

E “ = 
8 =  

K ’  = 
K “ = 
x =  

x, = 
I L =  

Po = 
P =  

Po = 

€ =  

K =  

u =  
r =  
9 =  
‘ p =  
w =  

wave number, 
free space wave number, m-’ 
attenuation constant, m-  I 

ratio of thermal diffusivity 
Kronecker delta 
permittivity, F .m-’  
free space permittivity, F.m-’ 
dielectric constant, F.m-’ 
dielectric loss factor, F.m-’ 
dimensionless temperature 
relative permittivity 
relative dielectric constant 
relative dielectric loss 
latent heat, J.kg-l 
wavelength in medium, m 
permeability, H .m-’ 
free space permeability, H.m-l 
density, kg , m - 3  
reference density, kg.m-3 
electric conductivity, mh0.m- I 

dimensionless time 
basis functions 
frozen volume fraction 
angular frequency, Rad.s-l 

Subscripts 
f = frozen phase 

I = layer 
m = number of layers in composite 
M = number of fronts 

t = thawed phase 

Superscripts 
n = Newton iterate index 
f = time index 
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